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We demonstrate the separability of the massive vector (Proca) field equation in general
Kerr–NUT–(A)dS black hole spacetimes in any number of dimensions, filling a long-standing gap in
the literature. The obtained separated equations are studied in more detail for the four-dimensional
Kerr geometry and the corresponding quasinormal modes are calculated. Two of the three inde-
pendent polarizations of the Proca field are shown to emerge from the separation ansatz and the
results are found in an excellent agreement with those of the recent numerical study where the full
coupled partial differential equations were tackled without using the separability property.
I. INTRODUCTION
Maxwell equations describe a theory of a massless vec-
tor field (photons). When the massive term is added, a
theory of the massive spin-1 vector particle is obtained.
The massive term breaks the gauge invariance. His-
torically, the massive vector mesons were first used by
Proca [1] in his attempt to explain the short-range nu-
clear forces (see also [2, 3]). In modern physics the Proca
equation is used in the standard model for describing
the massive spin-1 Z and W bosons. The Proca equa-
tion, originally formulated in a flat spacetime, can eas-
ily be generalized to the curved background, see, e.g.,
[4]. Recently, the interest in the Proca fields greatly in-
creased after it was demonstrated that ultralight vector
fields might be responsible for instability of rotating black
holes.
The ultralight massive vector fields, such as dark pho-
tons, are a feature of many beyond standard model
physics scenarios, string theory for example [5]. Together
with axion-like scalars such fields provide a compelling
candidate for cold dark matter [6]. However, due to
their tiny mass and weak coupling, direct searches for
such particles are challenging, and alternative methods
for detection are sought. One such promising method is
to look for the superradiant instabilities of rotating black
holes, leading to a formation of the bosonic condensate
outside the horizon, and a subsequent gravitational wave
emission and spin-down of the black hole. Consequently,
gravitational and electromagnetic wave observations of
astrophysical black holes provide direct constraints on
certain models of ultralight massive particles, e.g., [7–9].
In order to make these predictions, one has to (in
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the first approximation) study the behavior of the cor-
responding test fields in the background of the rotat-
ing black hole. For the massive vector field this is a
formidable task, as the corresponding equations were be-
lieved not to separate [10–12] and the problem was stud-
ied either using certain approximations, e.g. [8, 10, 12,
13], or by applying heavy numerics [9, 14, 15].
In this Letter, we show that no such limitations are
necessary. Namely, we demonstrate that with a proper
ansatz the massive vector field equation does separate
and that this not only happens for the four-dimensional
vacuum Kerr spacetime, but remains also true in higher
dimensions and in the presence of the cosmological con-
stant and NUT charges. Not only this result fills a long-
standing gap in the literature on separability of physical
field equations in the black hole spacetimes, e.g. [16], but
it also provides an opportunity to study the properties of
these fields (for example their superradiant instability)
in a significantly simplified manner.
In this Letter we proceed as follows. We first demon-
strate separability of the massive vector field equations in
the Kerr–NUT–(A)dS black hole spacetimes in any num-
ber of dimensions [17] and relate this separability to the
existence of the hidden symmetry present in these space-
times [16]. This result is new and non-trivial even in four
dimensions—for the Kerr geometry. Next, restricting to
this case, we demonstrate that our ansatz correctly cap-
tures two of the three independent polarizations of the
Proca field and that we are able to much more effectively
reconstruct the unstable modes recently studied in [9] by
heavy numerical methods. We conclude with some gen-
eral remarks on possible future directions.
II. SPACETIME GEOMETRY
In what follows we want to demonstrate the separabil-
ity of the four- and higher-dimensional Proca equations
in the background of a wide class of metrics that include
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2the general Kerr–NUT–(A)dS solutions [17] as a special
case. Such a separability is valid in both even and odd
dimensions, however, the forms of the metric and of the
separated equations are slightly different. For brevity,
in this Letter we restrict to the case of even dimensions,
D = 2N .
The metrics we consider are of the form
g =
N∑
µ=1
[
Uµ
Xµ
dx2µ +
Xµ
Uµ
(N−1∑
j=0
A(j)µ dψj
)2 ]
. (1)
Here, A
(j)
µ and Uµ are polynomials in x
2
µ defined by the
following relations:
Aµ(β) ≡
N∏
ν=1
ν 6=µ
(1 + β2x2ν) =
N−1∑
j=0
A(j)µ β
2j , (2)
Uµ =
N∏
ν=1
ν 6=µ
(x2ν − x2µ) , (3)
and Xµ are arbitrary functions of one variable, Xµ(xµ),
cf. [16]. We call the metric (1) an off-shell metric, to
distinguish it from a special case when (1) obeys the
Einstein equations with or without the cosmological con-
stant. In such a case functions Xµ become special poly-
nomials and the metric describes the Kerr–NUT–(A)dS
solution [17].
The characteristic property of the metric (1) is that
it admits the principal tensor h, see [16]. The principal
tensor is a non-degenerate closed conformal Killing–Yano
2-form. It satisfies the equation
∇chab = gcaξb − gcbξa , (4)
where ξ is a primary Killing vector,
ξa =
1
D − 1∇
bhba . (5)
The off-shell metric possesses N Killing vectors
l(j) = ∂ψj , j = 0, . . . N − 1 , (6)
the first of which coincides with the primary Killing vec-
tor, l(0) = ξ. The remaining N canonical coordinates,
xµ, µ = 1, . . . , N , are nothing but the eigenvalues of the
principal tensor h, which in the canonical coordinates
(xµ, ψj) takes the following form:
h =
N∑
µ=1
xµ dxµ ∧
N−1∑
j=0
A(j)µ dψj
 . (7)
III. SEPARATION OF VARIABLES
Our goal is to demonstrate the separability of the
Proca equation
∇nFan +m2Aa = 0 (8)
in the metric (1). Here Fan = ∇aAn − ∇nAa, and m is
the mass of the massive vector field A. To this purpose
we shall use the following ansatz [18–20]:
Aa = Bab∇bZ , Bab(gbc + iµhbc) = δac . (9)
Here, µ is a complex parameter, and the potential func-
tion Z is written in the multiplicative separated form
Z =
N∏
ν=1
Rν(xν) exp
(
i
N−1∑
j=0
Ljψj
)
. (10)
An immediate consequence of the Proca equation is
the “Lorenz condition”,
∇aAa = 0 . (11)
As shown in [20], for the ansatz (9), this explicitly reads
∇aAa = Z
A
N∑
ν=1
Aν
Uν
1
Rν
DνRν , (12)
where
Dν = qν ∂
∂xν
[
Xν
qν
∂
∂xν
]
− 1
Xν
[N−1∑
j=0
(−x2ν)N−1−jLj
]2
+ µ
2− qν
qν
(−µ2)(1−N)
N−1∑
j=0
(−µ2)jLj ,
(13)
and
qν = 1− µ2x2ν , A =
N∏
ν=1
qν . (14)
The Lorenz condition (11) may be satisfied provided the
mode functions Rν obey the separated equations
DνRν = C˜νRν , (15)
where C˜ν are polynomials in variable x
2
ν with the same
coefficients Ck,
C˜ν =
N−1∑
k=0
Ck (−x2ν)N−1−k . (16)
Indeed, in such a case the expression in (12) sums to
∇aAa = Z
A
N−1∑
j=0
Cj (−µ2)j , (17)
and we see that the Lorenz condition holds provided the
parameter µ satisfies the following constraint:
N−1∑
j=0
Cj (−µ2)j = 0 . (18)
3The results of [20] can be also used to find the repre-
sentation of ∇nFan for the ansatz (9). When the Lorenz
condition (11) holds, one has
∇nFan +m2Aa = −Bam∇mJ , (19)
with
J = Z + 2βξkBkn∇nZ −m2Z . (20)
The key observation is that J also separates in the form
J = Z
N∑
ν=1
1
Uν
1
Rν
[Dν −m2(−x2ν)N−1]Rν , (21)
where the mass term has been rewritten using the iden-
tity:
N∑
ν=1
1
Uν
(−x2ν)N−1−j = δj0 (22)
for j = 0. The same identity guarantees J = 0, provided
the modes Rν(xν) obey separated equations (15) with an
additional condition that the coefficient C0 of the highest
order term in the polynomials C˜ν is given by the mass,
C0 = m
2 . (23)
This finishes the proof of separability of the Proca equa-
tion in the off-shell Kerr–NUT–(A)dS metrics.
Summarizing, the Proca equation (8) for the vector
field A in the form (9) can be solved using the multiplica-
tive separation ansatz (10), where the mode functions Rν
satisfy ordinary differential equations (ODEs) (15) with
separation constants Ck and Lj , provided that C0 is given
by (23) and µ satisfies (18). The obtained mode func-
tions are thus labeled by the full set of 2N − 1 = D − 1
separation constants, and in that sense, they are com-
pletely general. However, at the moment it is not clear
how the polarizations of the field are captured by our
ansatz. One can speculate that the choice of the root µ
in the constraint (18) could be related to the choice of
polarization. If so, the obtained solutions describe N − 1
complex polarization modes, that is, D − 2 real modes,
and only one polarization is missing. This speculation
is supported by the numerics described below. However,
further discussion of this issue is necessary.
IV. QUASI-NORMAL MODES
The demonstrated separability of the Proca equation
has many interesting applications. For example, it allows
one to study the problem of the stability of rotating black
holes with respect to the massive vector field condensa-
tion. This problem reduces to a study of the spectrum of
separated ODEs and the corresponding calculation of the
complex frequency of non-radiative quasinormal modes
(sometimes called quasi-bound states or unstable modes).
For original (non-separated) equations, the required nu-
merical calculations are very time consuming, as one has
to solve a system of partial differential equations (PDEs).
The study of quasinormal modes by using the separated
Proca equation has many advantages.
In order to illustrate this, we focus on the case of four-
dimensional Kerr spacetime (N = 2) studied recently in
[9], setting both the NUT parameter and the cosmologi-
cal constant equal to zero. We will show that our sepa-
ration ansatz correctly reproduces two of the three phys-
ical polarizations of the massive vector in this spacetime.
The polarizations captured by our analysis are labeled by
S = ±1, and they reduce to those explored in [11] when
the black hole spin vanishes (see also [21, 22]).
Before proceeding, let us translate our results to a more
familiar Boyer–Lindquist frame. First, we change from
the canonical coordinates (ψ0, x1, x2, ψ1) to new coordi-
nates (t, r, θ, φ) via the map
(ψ0, x1, x2, ψ1) = (t− aφ, i r, a cos θ, φ/a) , (24)
and identify
X1 = 2Mr − r2 − a2 ≡ −∆ , X2 = −a2 sin2 θ . (25)
Upon this, the metric element (1) yields the standard
Boyer–Lindquist form of the Kerr geometry. The black-
hole horizon is a null hypersurface located at r = r+ ≡
M +
√
M2 − a2; we are interested in the subextremal
limit for which M < |a|. Finally, we want to map the
eigenvalues L0 and L1, to the eigenvalues of i∂t and −i∂φ,
ω and mφ. This is accomplished via the linear map
L0 = −ω , L1 = a(mφ − aω) . (26)
Note that since φ has period 2pi, we have mφ ∈ Z.
Equations (15) reduce to two differential equations in
r and θ, respectively, which only couple to each other via
their dependence on the parameters {µ, ω,mφ,m,M, a}:
d
dr
[
∆
qr
dR
dr
]
+
[
K2r
qr∆
+
2− qr
q2r
σ
µ
− m
2
µ2
]
R = 0 , (27a)
1
sin θ
d
dθ
[
sin θ
qθ
dS
dθ
]
−
[
K2θ
qθ sin
2 θ
+
2−qθ
q2θ
σ
µ
−m
2
µ2
]
S = 0 ,
(27b)
where
Kr = amφ − (a2+r2)ω , Kθ = mφ − aω sin2 θ ,
qr = 1 + µ
2r2 , qθ = 1− µ2a2 cos2 θ ,
σ = aµ2 (mφ − aω) + ω .
(28)
Note that at this stage, we have set
C0 = m
2 , C1 = m
2/µ2 , (29)
so the constraints (18) and (23) are readily solved.
Equations (27) are then solved as a coupled eigenvalue
problem, with an eigenvalue pair (µ, ω). The numerical
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FIG. 1. Quasinormal modes. We display the frequency ωM as a function of mM computed for quasinormal modes with
mφ = 1 and a/M = 0.998. The real (left) and imaginary (right) part of ωM is displayed for the two polarizations S = −1,+1,
with the top (online blue) curve corresponding to S = −1, and the lower (online green) one to S = +1. The polarization
S = −1 corresponds to the most unstable mode. For this case, the (online orange) squares represent the data from [9], and the
dashed line gives the analytic approximation (30) derived in [8]. Solving separated ODEs allowed us to extend the numerics
below mM ∼ 10−2, compared to the range mM & 10−1 of [9]. The agreement of the analytic approximation with our numerics
for small mM is excellent.
method follows mutatis mutandis [9], and will not be de-
tailed here again. The boundary conditions are chosen
so that the modes are regular on the black-hole horizon
and have finite energy. In Fig. 1 we show the results
of determining the lowest lying quasinormal mode for
a/M = 0.998, and mφ = 1. The (blue) circles repre-
sent our numerical data, and the (orange) squares the
numerical data of [9]. The values agree with each other
to within 10−8%.
The advantage of solving (27) instead of the coupled
PDE system in [9] is immense. For instance, we were
able to extend the polar mode of [9] with S = −1 and
mφ = 1, which is the most unstable mode, to masses
as small as mM ∼ 10−3. In [8], the quasinormal mode
spectrum of this mode was computed in the small mass
regime m˜ ≡ mM  1, and it was found to be given by
Mω ≈ m˜
(
1− m˜
2
2
)
+ 2 i
( a
M
− 2 m˜
)
m˜7 . (30)
When mM  1, the PDEs of [9] become very hard
to solve, so the regime of validity of this approxima-
tion was never identified. Here, we close this gap in
the literature and compare our exact numerical results
in Fig. 1, depicted as (blue) circles, to the analytic ap-
proximation (30) represented as the dashed black line.
When mM  1, the agreement is excellent. Addition-
ally to modes calculated in [9], we have also computed
the lowest lying quasinormal mode with S = +1, which
is depicted as the bottom (green) curve of Fig. 1. Our
field ansatz thus covers two polarization modes—these
reduce to the even-parity (polar) scalar modes in the non-
rotating limit. The scaling at small mM of both polar-
izations is consistent with the one reported in [8, 10–12].
The question of how to recover the last (axial) polariza-
tion remains currently open.
V. CONCLUSIONS
We have shown that the Proca field equation in a gen-
eral Kerr–NUT–(A)dS spacetime separates in all dimen-
sions. The key ingredient for this result is the ansatz (9).
It is written purely in terms of the principal tensor, and
thus, it encodes explicit and hidden symmetries of the
spacetime.
Furthermore, we have used the separated equation to
study the quasinormal mode spectrum of the Proca field
around the Kerr black hole. Our spectrum matches that
of [9] for two of the three polarizations. Except, solving
just ODEs allows much more effective calculations.
The numerics confirm that our method captures more
than one polarization. On general grounds, we have spec-
ulated that only one polarization mode is missing. How-
ever, the question as to how precisely these polarizations
are described by the ansatz (9) and how to obtain the
remaining polarization(s) remains open.
Our results open a myriad of opportunities for the near
future. At a more mathematical level, we could hope to
use the results of [23] and prove the existence of expo-
nentially growing modes for Proca perturbations around
the Kerr black hole. Although both our work and [9] give
5ample numerical evidence that this is the case, it would
be reassuring to have a definite mathematical proof. Also
interesting, would be to repeat Detweiler’s seminal cal-
culation [24], and then analytically extract the growth
rate of Proca fields for mM,aM  1. Finally, we would
like to mention that, still in four dimensions, we could
study the stability of the Proca field for Λ < 0, with
the latter scenario being relevant in the context of the
AdS/CFT correspondence. Perhaps more interestingly,
virtually nothing is known about Proca perturbations in
the context of higher-dimensional black holes. Our sepa-
ration ansatz can be equally used in those circumstances.
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